This investigation deals with the boundary layer flow of a micropolar fluid over a stretching surface. The flow is considered in a rotating frame of reference. The governing nonlinear partial differential equations are reduced to coupled nonlinear ordinary differential equations. The set of similarity equations has been solved analytically employing the homotopy analysis method (HAM). The series solutions are given for velocity and microrotation, and the convergence of these solutions are explicitly discussed. Attention has been focused to the variations of the emerging parameters on the velocity and microrotation are discussed through graphs.
Introduction
Recent developments in engineering have led to an increasing interest in the flows of non-Newtonian fluids. Such fluids play an important role in many practical applications. The flows of these fluids have attracted the attention of engineers, mathematicians, modelers, physicists, and computer scientist in the recent past owing to their several interesting features in industry and technology. The arising equations of non-Newtonian fluids are much nonlinear, higher order, and complicated in comparison to Navier-Stokes equations. Therefore, the resulting problems pose challenges to the researchers from a different quarter. Even an intensive research work has been done on flows of the non-Newtonian fluids. A good deal of references on such flows has been presented in the recent paper of Fetecau and Fetecau [1 -5] , Tan and Masuoka [6, 7] , Lok et al. [8, 9] , Ishak et al. [10] , Xu and Liao [11] , and Hayat et al. [12 -17] .
During the last few decades tremendous progress has been made for stretching flows of viscous fluids. These analyse fluids applications in areas such as continuous coating, rolling and extrusion in manufacturing process, the boundary layer along a film in condensation process, and aerodynamic extrusion of a plastic sheet. A major interest has existed to obtain analytic solutions of the boundary layer problem of stretching 0932-0784 / 10 / 1000-0829 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com flow. The first work on this problem has been made by Sakiadis [18] . After that extensive research has been undertaken by considering more general stretching velocity applications to non-Newtonian fluids and inclusion of other physical effects such as magnetic fields, heat or mass transfer, and porous media. For non-Newtonian fluids, the model commonly used is the simplest subclass of non-Newtonian fluids, namely, the second-grade fluid. Some recent representative studies in this area may be found in the research articles by Cortell [19 -21] , Nazar et al. [22] , and Hayat et al. [23 -26] . Literature survey indicates that no attention has been given to investigate the stretching flow of a non-Newtonian fluid in a rotating frame of reference. Such analysis has promising applications in geophysics and astrophysics. Therefore, the main aim of the present investigation is to discuss the stretching rotating flow problem of a micropolar fluid. In fact the theory of micropolar fluids has been developed by Eringen [27, 28] and has received considerable interest recently. Unlike the several non-Newtonian fluids, this theory includes effects of local rotation inertia and couple stresses, and provides a mathematical model of non-Newtonian behaviour observed in certain fluids including colloidal fluids, polymeric fluids, animal blood, exotic lubricants, and real fluids with suspensions. The presence of dust or smoke particularly in a gas may also be modelled using micropolar fluid dy-namics. The paper is divided into six sections of which this introduction is the first. The problem deformation is given in Section 2. Section 3 deals with the development of the series solution by HAM, and the convergence of the developed series solutions are given in Section 4. The analytic series solutions have been discussed through graphical representation in Section 5. Section 6 contains the concluding remarks.
Mathematical Formulation
Consider the steady, incompressible flow of a micropolar fluid in the region z > 0. We take the stretching sheet in the XOY plane. Two equal and opposite forces are applied along the x-axis. We assume that the surface is stretched in x-direction such that the xcomponent of the velocity varies linearly along it, i. e. u = cx, where c is the constant of proportionality. Both the fluid and the stretching surface are in a state of solid body rotation with constant angular velocity Ω about the z-axis. In the absence of body forces and pressure gradient, the boundary layer rotating flow of an incompressible micropolar fluid is described by the following equations:
In the above expression u, v, and w are the velocity components in x-, y-, and z-direction, respectively, N is the microrotation or angular velocity whose direction of rotation is in the xy-plane, ρ is the density, ν is the kinematic viscosity, j, γ, and k are the microinertia per unit mass, spin gradient viscosity, and vortex viscosity, respectively. Furthermore, we follow the work of many recent authors by assuming γ of the following form [29] :
in which µ is the dynamic viscosity, and we take j = ν/cx 1 2 as reference length. As pointed out by Ahmadi [30] , relation (5) invoked (1) -(4) to predict the correct behaviour in the limiting case when microstructure effects become negligible and microrotation N reduces to the angular velocity.
The boundary conditions of (1) - (4) are
We now proceed to non-dimensionalization of the problem by introducing the variables
The continuity equation (1) is identically satisfied and (2) - (4) and (7) reduces to
where the prime indicate differentiation with respect to η, λ = Ω /c, and K = k/µ. In the next section, we solve the nonlinear system consisting of (8) - (11) by HAM [31 -38] . Recently, Liao [39] introduced an optimal homotopy-analysis approach (as three parameter optimal-HAM) for strong nonlinear differential equations. He discussed the convergence of the series solution of nonlinear differential equations by taking three auxiliary parameters c 0 =h, c 1 , and c 2 instead of oneh. We use onlyh as an auxiliary parameter and use c 1 = c 2 = 0 for our convenience.
Series Solution for
Here, we have the following initial guesses and auxiliary operators:
which have the properties
in which C i , (i = 1 -5) are arbitrary constants. If p (∈ [0, 1]) and h i (i = 1 -3) are the embedding and nonzero auxiliary parameters, respectively, then we have
Note that for p = 0 and p = 1, we havẽ
When p increases from zero to unityf (η; p),g(η; p), andh(η; p) vary from initial guess f 0 (η), g 0 (η), and h 0 (η) to the solutions f (η), g(η), and h(η). By Taylor's theorem we can writẽ
where h i (i = 1 -3) are chosen in such a way that series are convergent at p = 1. Therefore, we have through (24) that
ii) The mth-order deformation problem
Through symbolic software Mathematica we obtain
(41)
Convergence of the Analytic Solution
The three series for the functions f , g, and h are given in (39) - (41) which contain auxiliary parametersh 1 ,h 2 , andh 3 . The convergence of these series strongly depends uponh 1 ,h 2 , andh 3 . The range for which the so-calledh-curve is parallel to theh-axis is of admissible range. Any value ofh from the admissible range guarantees the convergence of the series. To see the range of admissible values of these parameters, theh-curve is plotted in Figure 1 for the 15th order 
Result and Discussion
The system of coupled nonlinear ordinary differential equations (8) - (10) with boundary conditions (11) has been solved analytically using homotopy analysis method (HAM). Figures 5 -10 are plotted to see the effects of the involving parameters, for example, the material parameter or the vortex viscosity K, the rotation parameter λ , and the microrotation parameter m 0 on the velocity profiles f and g and the microrotation or angular velocity h, respectively.
Figures 5 -7 have been drawn in order to see the effects of the material parameter or the vortex viscosity K, the rotation parameter λ , and the microrotation parameter m 0 on the velocity components f and g in the x-and y-axis directions, respectively. Figure 5a shows the influences of the vortex viscosity K on the velocity profile f . It is observed that the velocity f is an increasing function of K. The boundary layer thickness also increases for large values of the vortex viscosity K. Figure 5b elucidates the variations of the material parameter or the vortex viscosity K on the velocity component g. From this figure we can see that the magnitude of the velocity g initially decreases as K increases but after η = 2, it slightly increases for higher values of K. Figure 6 depicts the influences of the rotation parameter λ on the velocity profiles f and g. Figure 6a displays the variations of the dimensionless rotation parameter λ on the velocity f . The velocity f decreases when the rotation parameter λ increases. Figure 6b shows the influences of the rotation λ on the velocity profile g. It is found that the magnitude of the velocity g is an increasing function of λ . The boundary layer thickness is also decreased for large values of λ in both the cases of f and g. Figure 7 gives the effects of m 0 on the velocity components f and g. It is noted from Figure 7a that both the velocity f and the boundary layer thickness are decreased as m 0 increases. Figure 7b shows the change in the velocity g for different values of m 0 . From this figure, we can say that the magnitude of g is decreased and the boundary layer thickness also decreases when m 0 increases, respectively. Figures 8 -10 are plotted to show the variations of the vortex viscosity K, the rotation parameter λ and m 0 on the microrotation or the angular velocity h. Figure 8 shows the effects of the material parameter or the vortex velocity K on the microrotation velocity h. It is noted that initially the microrotation/angular velocity h decreases but after η = 0.5, it goes to increase for large values of K. The boundary layer thickness is decreased as the vortex viscosity K increases. Figure 9 displays the variations of the rotation parameter λ on the micro-rotation velocity h. It is found that the microrotation velocity h has opposite effects for large values of λ when compared it with Figure 8 . The change in the magnitude of the angular velocity h is larger in case of the rotation λ when compared with the case of material parameter or the vortex viscosity K. Figure 10 gives the influences of m 0 on the microrotation/angular velocity h. It is observed that the magnitude of the angular velocity h is an increasing function of m 0 . The boundary layer thickness is also increased for large values of m 0 .
Concluding Remarks
In the present study, the steady boundary layer flow of a micropolar fluid bounded by a stretching sheet is investigated in a rotating frame. The series solutions are developed using HAM. The convergence of these series solutions are discussed explicitly. The influence of various emerging parameters on the velocity and microrotation velocity is analyzed with the help of graphs. The value of HAM is further demonstrated as powerful and useful tool in the flow analysis of such problems. As expected, the boundary layer thickness decreases with increasing rotation parameter.
Introduction
The non-Newtonian fluids have attracted considerable attention because these are encountered in industry and technology. The flows of such fluids provide the benchmark problems in computational fluid mechanics and heat transfer. The resulting systems define the ideal problems for testing different numerical methods as well as the validity of constitutive equations used to characterize the rheological properties of non-Newtonian fluids. As a result a wealth of literature exists on such flow covering a wide range of fluids and governing parameters. Recently, there has been an increasing interest in the study of flow and heat transfer of the differential-type fluids (a category of non-Newtonian fluids). The flows and heat transfer of such fluids have wide applications in heat exchangers, the screw extrusion process, electronics cooling, and many others. Extensive studies describing the flows of second-grade fluids (the simplest subclass of differential-type fluids) have been undertaken in various flow geometries and under several assumptions. Few fundamental analytical studies on the topic may be mentioned by the investigations [1 -15] .
In case of second-grade fluids, the normal stress effects can be predicted only in steady flow whereas the shear-thinning/shear-thickening properties cannot be taken into account. The third-grade fluid model [16 -20] can explain such properties. In view of this fact the model in the present investigation is third-grade. Besides this it is an established fact that the governing 0932-0784 / 10 / 1000-0837 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com equations of non-Newtonian fluids in general are of higher order than the non-linear Navier-Stokes equations. Therefore the extra initial/boundary conditions are necessary to determine a unique solution [21 -23] .
The present work concentrates on the heat transfer effects of a third-grade fluid bounded between two plates. In other words, the aim here is to extend the flow analysis of our very recent study [20] for the heat transfer analysis. The modelling is based to assess the role of viscous dissipation in the thermal development of the flow field. The main intent here is to construct the series solution of the temperature profile by using the homotopy analysis method (HAM) [24 -34] . The convergence of the obtained solution is discussed and the effects of several interesting parameters entering into the problem is studied.
Problem Statement
Let us discuss the flow of a thermodynamic thirdgrade fluid filling the space between two plates distant b apart. The plates are porous and there is cross flow of the fluid with uniform velocity v 0 . Here v 0 < 0 corresponds to the suction velocity and v 0 > 0 holds for injection or blowing velocity. We select the Cartesian coordinate system in such a manner that x and y-axes are parallel and perpendicular to the plates. The expressions of the Cauchy stress tensor in a thermodynamic third-grade fluid is [16 -20] 
in which the first two Rivlin-Erickson tensors are given by
where V and d/dt are the velocity and material derivative, respectively, and µ, α 1 , α 2 , and β 3 are the material constants [16] . The velocity field for the problem under consideration is
Upon making use of (1) - (4) into continuity, momentum, and energy equations, one can write
The appropriate boundary conditions for u and T * are
In above equations p is the modified pressure, T * is the temperature, T l and T u are the respective temperatures at the lower and upper plates, K is the thermal conductivity of fluid, and c p is the specific heat. Note that the radiation effects are excluded in (7). The problems in dimensionless variables become
In above equations
Here P and E are the Prandtl and Eckert numbers, respectively. Writing
the resulting problems are given by
In view of (15) and (16) we express
where a k n,m are the coefficients to be determined. By rule of solution expression (19) and the boundary conditions (16), we select the following initial guess f 0 and auxiliary
The above operator satisfies
where C 1 and C 2 are arbitrary constants. Now we define a nonlinear operator in the form
The problem for f at the zeroth-order deformation is
in which f is a non-zero auxiliary parameter and p ∈ [0, 1] is an embedding parameter. When p = 0 and p = 1, we have
When p increases from 0 to 1, the solution f (η; p) varies from f 0 (η) to f (η). If this continuous variation is smooth enough, the Maclaurin series with respect to p can be constructed for f (η; p), and further, if the series is convergent at p = 1, then we have
The problems at the nth-order deformation are
where
(27) is solved up to 10th-order of approximations with the help of the software Mathematica. The solution obtained for f (η) is of the form
where a 0 0,0 = −e/R(e − 1) and a 0 0,1 = 1/R(e − 1).
Solution for Temperature
In view of (17) and (18), we assume
where b k n,m are the constants to be determined. For the series solution of θ (η), we choose the initial guess
and an auxiliary linear operator
Note that
where D 1 and D 2 are arbitrary constants. The zerothorder deformation problem is given by
Here θ indicates an auxiliary non-zero parameter and the nonlinear differential operator N θ is
When p = 0 and p = 1, we may write
Obviously, when p increases from 0 to 1, θ (η; p) varies from θ 0 (η) to θ (η). By Maclaurin's series and (38) we can express that
The nth-order deformation problems are expressed by the following equations:
The analytic solution of above problem is
Convergence of the HAM Solution
Note that (30) and (42) contain two auxiliary parameters f and θ . The convergence region and rate of approximation of the homotopy analysis method strongly depend upon these auxiliary parameters. In view of this fact the -curves have been plotted. In Figure 1 , the range for the admissible values of f Fig. 1 . f -curve for the 10th-order of approximation for the dimensionless velocity profile f (η). Figures 3 and 4 describe the influence of physical parameters P and E on the θ -curves. In both figures the effects of P and E on the variations of θ are quite opposite. It is also observed that the series for f (η) converges faster than that of the series for θ (η). 
Results and Discussion
The aim of this section is to discuss the variations of viscoelastic parameter K, third-grade parameter T, Reynolds number R, Prandtl number P, and Eckert number E on θ in the middle of the channel. In view Fig. 7 . Variation of the dimensionless temperature profile θ (η) with increasing parameter E. Table 1 .
The effect of K on the temperature θ is displayed in Figure 5 . It has been observed that an increase in the value of K decreases the value of θ when K < 1 and K > 1. However, it is noticed that θ decreases much for K > 1 when compared with K < 1. Such features are encountered due to viscoelastic properties of the fluid in terms of normal stress. Figure 6 depicts that the value of θ decreases with an increase of R. This results in terms of small values of viscous effects. The variation of θ with the Eckert number E is presented in Figure 7 . It is noticed that the value of θ increases when E is increased. Figure 8 describes the effect of the Prandtl number P on θ for P < 1 and P > 1. Interestingly, θ is a decreasing function of P. This corresponds to the situation that the order of thermal conductivity is small when compared with that of viscosity and specific heat. Furthermore, θ in case of P < 1 is greater than for P > 1. It is found that the increasing of P reduces the value of θ . The variation of T on θ is given in Figure 9 . The examination of this figure shows that the value of θ decreases with the increase in value of T . This decrease is, however, very small.
Conclusions
This study investigates the heat transfer effects on the flow of a third-grade fluid. Series solutions of velocity and temperature are constructed. The tabular values (see Table 1 ) here indicated that
• θ is a decreasing function of K, • the influence of R and T on θ are same, • the series solutions corresponding to viscous fluids can be deduced by taking T = K = 0.
